Abstract. In this paper, we consider congruences between the Ikeda-Miyawaki lift and other Siegel modular forms, relating these congruences to critical values of L functions by using Ikeda's conjecture on periods. We also give general formulas for critical values of triple L functions and prove results, both in theory and in examples, on the relation between such congruences and critical values.
Introduction
Congruences between modular forms are important in the arithmetic theory of modular forms. In particular, congruences between lifts and non-lifts sometimes produce non-trivial elements of the Bloch-Kato Selmer group (cf. [Br] , [BDS] , [DIK] ). In [Kat5] , the second named author considered the congruence between the Duke-Imamoḡlu-Ikeda lift I 2n (h) of a Hecke eigenform h of half-integral weight and non-Duke-Imamoḡlu-Ikeda lifts, and proved that a prime ideal dividing a certain L-value of f gives such a congruence, where f is the primitive form of integral weight corresponding to h under the Shimura correspondence. This result is based on the relation between the periods of I 2n (h) and h proved by the secondnamed author and Kawamura [KK] , which forms a part of the relations conjectured by Ikeda [Ik2] . A similar result concerning congruences between Yoshida lifts and non-Yoshida lifts was proved by Böcherer, Dummigan, and Schulze-Pillot [BDS] ; this proof is also based on period relations, this time for the Yoshida lift. In general, the algebraic part of critical values of the standard L function sometimes gives congruence primes between Siegel modular forms, see [Kat3] . In view of the above results, we can expect that if there is a formula to describe the period of a lift F from some form G by that of G, then the critical values of some L function of G are related to congruences between the lift F and non-lifts.
In this article, we consider congruences between Ikeda-Miyawaki lifts and other Siegel modular Hecke eigenforms. Let k and n be positive integers such that k+n+1 is even. For a Hecke eigenform h of weight k + 1/2 for Γ 0 (4) and a primitive form g of weight k + n + 1 for SL 2 (Z), let F h,g be the cusp form of weight k + n + 1 for Sp 2n+1 (Z) constructed by Ikeda [Ik2] . For the precise definition of F h,g see Section 3. This type of lift was conjectured by Miyawaki [Miy] in the case n = 1, therefore we call F h,g the Ikeda-Miyawaki lift of h and g. We also denote by f the primitive form of weight 2k for SL 2 (Z) corresponding to h under the Shimura correspondence. Then, roughly speaking, our conjecture can be stated as follows, (more precisely, see Conjecture B and Problem B ):
For a commutative ring R, we denote by M mn (R) the set of (m, n)-matrices with entries in R. In particular put M n (R) = M nn (R) . For an (m, n)-matrix X and an (m, m)-matrix A, we write A[X] = t XAX, where t X denotes the transpose of X. Put GL m (R) = {A ∈ M m (R) | det A ∈ R * }, where det A denotes the determinant of the square matrix A, and R * denotes the unit group of R. Let S n (R) denote the set of symmetric matrices of degree n with entries in R. Furthermore, for an integral domain R of characteristic different from 2, let L n (R) denote the set of halfintegral matrices of degree n over R, that is, L n (R) is the set of symmetric matrices of degree n whose (i, j)-component belongs to R or 1 2 R according as i = j or not. In particular we put L n = L n (Z) and, for each prime p, put L n,p = L n (Z p ). For a subset S of M n (R) we denote by S × the subset of S consisting of non-degenerate matrices. In particular, if S is a subset of S n (R) with R the field of real numbers, we denote by S >0 (resp. S ≥0 ) the subset of S consisting of positive definite (resp. semi-positive definite) matrices. Let R be a subring of R. Two symmetric matrices A and A with entries in R are called equivalent over R and we write A ∼ R A if there is an element X of GL n (R ) such that A = A [X] . We also write A ∼ A if there is no fear of confusion. For square matrices X and Y we write X⊥Y = X 0 0 Y .
Several L-values
Put J n = 0 n −1 n 1 n 0 n , where 1 n denotes the unit matrix of degree n. Let κ be an integer or a half-integer. We denote by M κ (Γ • n is a subring ofL n . Let T = Sp n (Z)M Sp n (Z) ∈ GSp + n (Q)) be an element ofL n . Write T as a disjoint union T = g Sp n (Z)g. For k ∈ N and for F ∈ M k (Sp n (Z)) we define the Hecke operator F | k T as
We define the elements T (p) and T j (p 2 ) ofL n in a standard way (cf. [An] ): T (p) = Sp n (Z)(1 n ⊥p1 n ) Sp n (Z) and T j (p 2 )= Sp n (Z)(1 n−j ⊥p1 j ⊥p 2 1 n−j ⊥p1 j ) Sp n (Z). For any subring of R ⊆L n , we say that a modular form F ∈ M k (Sp n (Z)) is a Hecke eigenform with respect to R if F is a common eigenfunction of all T ∈ R. If R =L n , we simply say that F is a Hecke eigenform. In this case, we denote by Q(F ) the field generated over Q by all the Hecke eigenvalues of T ∈L n , and call it the Hecke field of F. We remark that Q(F ) is a totally real algebraic number field of finite degree over Q (cf. [Miz2] ).
In this section we review several L-values of modular forms that appear in this article. Let
Then there exist two (positive) real numbers Ω + (f ) and Ω − (f ) such that for the sign j = (−1) l , we have (cf. [Sh1] )
We note that Ω + (f ) and Ω − (f ) are determined by f only up to constant multiples
Another rationality result (cf. [R] , [Sh2] ) is that
So if we change Ω ± (f ) by a multiple in Q(f ) × , we can make Ω + (f )Ω − (f ) = f, f , though we do not assume this in this article. For two positive integers l 1 , l 2 ≤ k − 1 such that l 1 + l 2 ≡ 1 mod 2, the value
belongs to Q(f ); we will denote this value by L alg (l 1 , l 2 ; f ). This value does not depend upon the choice of Ω ± (f ).
Let F be a Hecke eigenform in S k (Sp n (Z)) with respect to L
• n , and let the p-Satake parameters of
We put
Here the gamma factor is different from the one which appears in the functional equation, but this gamma factor is suitable for special values. Let ρ(n) = 3 or 1 according as n ≡ 1 mod 4 and n ≥ 5, or not. For a positive integer m such that
It is known that L alg (m, F, St) belongs to Q(F ) if all the Fourier coefficients of F belong to Q(F ), compare [Bo1] , [Miz1] . When F is a Ikeda-Miyawaki lift, which we shall treat later, the algebraicity holds also for m = 1. For general F , it is expected that L alg (1, F, St) ∈ Q(F ) even when n ≡ 1 mod 4 and n ≥ 5, but this has not been proved in general.
This satisfies a functional equation for
is symmetric in the f i , so that we may assume that k 1 ≥ k 2 ≥ k 3 without loss of generality. In addition, we always assume that k 2 + k 3 > k 1 hereafter in this article; this case is called the balanced case. Then there is an integer l satisfying (
, and for such l, we put Ga] , [Or] , [Sat] ) and is also symmetric in the
, and put
Moreover we fix the period Ω ± (f 1 ) satisfying (1) and for a positive integer l with
where j = + or − according as l is odd or even. (We note that L alg (l, St(f 2 ) ⊗ f 1 ) would more properly be denoted as L alg (l, St(f 2 ) ⊗ f 1 ; Ω j (f 1 )) since it does depend upon the choice of Ω ± (f 1 ), but we use the above short notation.) From the Euler product, we note that
and we have
We also note that Λ(l,
is always zero (cf. [Sat] ), and that L(k 1 /2, f ) may be zero. Therefore we cannot prove the algebraicity of L alg (k 1 /2, St(f 2 ) ⊗ f 1 ) by using the above argument. However, in the case k 1 /2 is odd, Ichino [Ich] proved that L alg (k 1 /2, St(f 2 ) ⊗ f 1 ) is algebraic by using a different method.
Ikeda-Miyawaki lift
Throughout this section, fix positive integers k, n such that k ≡ n + 1 mod 2 and k > n. Let h be a Hecke eigenform in the Kohnen plus subspace S + k+1/2 (Γ 0 (4)) with Fourier expansion
and let g be a primitive form in S k+n+1 (SL 2 (Z)) with Fourier expansion
be the primitive form in S 2k (SL 2 (Z)) corresponding to h under the Shimura correspondence. Let α p ∈ C be taken such that α p + α
, and F p (T, X) is a polynomial in X with coefficients in Q, which will be defined in Section 4.3. We then define a Fourier series
Then I 2n+2 (h) is a Hecke eigenform in S k+n+1 (Sp 2n+2 (Z)), see [Ik1] . A proof that I 2n+2 (h) is a Hecke eigenform for the entire Hecke algebraL 2n+2 , not just the even part L • 2n+2 , may be found in [Kat5] . We call I 2n+2 (h) the Duke-Imamoḡlu-Ikeda lift of h (or of f ) to S k+n+1 (Sp 2n+2 (Z)). For z ∈ H 2n+1 and w = x + iy ∈ H 1 , set
Ikeda [Ik2] showed the following: 
This is a part of Ikeda's results: the case r = 1 in [Ik2] . The existence of this type of Hecke eigenform was conjectured by Miyawaki [Miy] ; therefore, we call F h,g the Ikeda-Miyawaki lift of h and g when F h,g is not identically zero. It is known that the Ikeda-Miyawaki lift F h,g is a Hecke eigenform also with respect toL 2n+1 . (See Hayashida [Haya] , also Heim [He] for a special case.)
Ikeda proposed the following conjecture relating the Petersson norm of F h,g to those of f and g. Thus, if correct, we may relate the algebraic parts of L-values for F h,g to those of f and g as we will see in the theorems to follow.
Conjecture A. (Ikeda [Ik2] ) Let k > n be positive integers with k + n odd. Let h ∈ S + k+1/2 (Γ 0 (4)) be a Hecke eigenform corresponding to the primitive eigenform f ∈ S 2k (SL 2 (Z)) under the Shimura correspondence. Let g ∈ S k+n+1 (SL 2 (Z)) be a primitve eigenform and assume that the Ikeda-Miyawaki lift 
where β n,k is an integer depending only on n and k.
The expression in the above conjecture appears to be different from the one in [Ik2] but it is the same since we have Λ(1, f, St) = 2 2k f, f (see [Za] ). Now we modify F h,g and put
be a basis of S k+n+1 (SL 2 (Z)) consisting of Hecke eigenforms, then we have easily from the definition of the Ikeda-Miyawaki lift:
We have
By replacing the Hecke eigenform h by a constant multiple of h, we can assume that every Fourier coefficient c h (m) belongs to Q(f ) for any m > 0. If we assume so, then by definition, c I2n+2(h) (T ) belongs to Q(f ) for any T ∈ L 2n+2 >0 and, therefore, so does c 2n+1,h (A, m) for any A ∈ L 2n+1 >0 and m > 0. Hence, the A-th
Actually, in this section we do not assume any normalization of h since every complete expression below is invariant if we change h by a constant multiple.
We consider congruences of Siegel modular Hecke eigenforms to Ikeda-Miyawaki
, Sp r (Z)) be the Hecke ring over Z associated with the Hecke pair (M 2r (Z) ∩ GSp r (Q), Sp r (Z)). Let F and G be Hecke eigenforms in S l (Sp r (Z)) and let K be an algebraic number field of
for all T ∈ L r , where λ F (T ) and λ G (T ) are the eigenvalues of T with respect to F and G, respectively. We denote by K(S l (Sp r (Z))) the composite of all the Hecke fields of Hecke eigenforms in S l (Sp r (Z)). 
The above conjecture is rather ambiguous because there are many choices for the pair Ω + (f ), Ω − (f ). Moreover, the word "big prime ideal" is not defined rigorously. To avoid this ambiguity, we usually use the so called "canonical periods" in Vatsal [Vat] . However, we do not know how to rigorously compute the algebraic part L alg (k + n, St(g) ⊗ f ) if we use these canonical periods. A serious attempt to address this issue locally is due to Harder in [Ha3] . For practical purposes, we often normalize periods as follows. For f ∈ S 2k (SL 2 (Z)) and a prime ideal P of a number field K containing Q(f ) we take the period Ω ± (f ) = Ω ± (P; f ) so that
for any 1 ≤ j ≤ 2k − 1, and so that
, and min
where ord P (a) denotes the P-adic order of a ∈ K. We do not know whether these periods coincide with those in [Vat] or not. In fact, some answers by Harder (still slightly conjectural) for ordinary primes seem to suggest that the value of ord P on these algebraic values would differ slightly from the true ones. Subsequently in Problem B , however, we will exclude certain small primes to ensure that this difference does not occur. To summarize, although there does exist a theoretical definition of the periods uniquely determined up to P-unit, we will use the above practical definition of the period and use the L-values associated with those; namely:
and
We note that
We also believe that a "big prime ideal" should mean a prime ideal which does not divide (2k + 2n − 3)! in a suitable setting. Hence we give the following guess, which is a variant of Conjecture B, as a problem:
Then can we show the following claim? The prime ideal P divides
if and only if there exists a Hecke eigenform G ∈ S k+n+1 (Sp 2n+1 (Z)), not coming from the Ikeda-Miyawaki lift, such that
Here we did not include the term f, f /Ω + Ω − because the primes dividing this seem to be taken care by the denominator of the triple L value L alg (2k+2n, g⊗g⊗f ).
To explain why the above conjecture and problem are reasonable, we here prove a weaker version of them assuming Conjecture A. To do this, we rewrite Conjecture A in terms of the algebraic parts of L-functions. Thus by testing Problem B , we also test Conjecture A; see section 5 for examples.
Theorem 3.1. We assume that k > n and n is odd. We fix a real number Ω + (f ) which satisfies (1) of section 2.
(1) Assume that Conjecture A holds. Then
for any positive definite half-integral matrix A of degree 2n + 1 and an odd integer l with 1 ≤ l ≤ k − n, where γ n,k is a certain integer depending only on n and k.
(2) Conversely, if the above equality holds for some positive definite half-integral matrix A of degree 2n + 1 and an odd integer l with n
Here we have multiplied both sides by |c
2 since this appears naturally in the pullback formula that we use to prove congruences. In (2), we assume n + 1 ≤ l since L(l + k + n − i, f ) might vanish for some i with 1 ≤ i ≤ 2n without this assumption. Using equation (2) we may rewrite this Theorem.
Corollary. Assume that Conjecture A holds. Then
for any positive definite half-integral matrix A of degree 2n + 1 and an odd integer l
if the above equality holds for some positive definite half-integral matrix A of degree 2n + 1 and an odd integer l with
It would not be useless to review here algebraicity properties that follow easily from known results (for example, see [KZ] ).
Proposition 3.2. Let h, g and f be as in Conjecture A and assume that the IkedaMiyawaki lift F h,g is not identically zero.
(
(2) The value |c
We can prove a congruence theorem for Ikeda-Miyawaki lifts if we assume Ikeda's Conjecture A.
Theorem 3.3. Assume Conjecture A. Fix a real number
(2) P is odd (i.e. P 2) and does not divide
for some positive definite half-integral matrix A of degree 2n + 1 and some odd integer l with 1 ≤ l ≤ k − n − 2.
Then there exists a Hecke eigenform
Proof. Take an integer l and a matrix A satisfying condition (2) of the Theorem. Then by Theorem 3.1 we have
, where γ n,k is a certain integer depending only on n and k. Then, by the assumption, P divides the denominator of the right hand side of the equation for 
(2) P does not divide
In Section 5, we will rigorously verify that the answer to Problem B is affirmative without assuming Conjecture A in the two particular cases where (n, k) = (1, 14) and (1, 18).
Finally, we refer to a conjecture due to Bergström, Faber, and van der Geer. Our conjecture is on a congruence between an Ikeda-Miyawaki lift and another Hecke eigenform in the scalar valued case. In the vector valued case, it is likely that there are no Ikeda-Miyawaki lifts in general but still we can consider an Ikeda-
) defined by a pair of elliptic modular forms f and g. They predict the existence of a vector valued Siegel modular form F of degree 3 such that its
). To explain this, let U be the standard representation of GL 3 (C), and for a triple (n 1 , n 2 , n 3 ) of non-negative integers, let U n1,n2,n3 be the irreducible representation of GL 3 (C) of with signature (n 1 +n 2 +n 3 , n 2 +n 3 , n 3 ) in the sense of Weyl [We] . We then denote by S n1,n2,n3 = S n1,n2,n3 (Sp 3 (Z)) the space of cusp forms of weight U n1,n2,n3 for Sp 3 (Z). We note that S 0,0,n3 = S n3 (Sp 3 (Z)). Now we assume
and put
fixing Ω ± (f ). Bergström, Faber, and van der Geer proposed the following conjecture:
and P is some prime ideal of Q(f )Q(g)Q(F ). Now let us consider the case a = b = c. In this case, if we take F = F h,g , where h ∈ S + a+5/2 (Γ 0 (4)) corresponds to f under the Shimura correspondence, then Conjecture C is obviously satisfied, not just with a congruence but with equality. In contrast, Conjecture B predicts the existence of a cusp form F , not a constant Table 3 , we give exact special values (in contrast to approximate values) for all (a, b, c) which appear in their conjecture as examples, and prove that these values are divisible by the primes that they were able to guess by approximation.
Triple L-values
4.1. Böcherer and Schulze-Pillot's formula for the triple L-values. We review a formula for the triple L-values of elliptic modular forms due to Böcherer and Schulze-Pillot [BS] . We define two types of imbeddings, ι 12 , and ι 111 , of products of upper half spaces into H 3 via:
We use the same symbol i 111 to denote the corresponding diagonal imbeddings of SL 2 (Z) 3 into Sp 3 (Z). For an integer α we define the Maaß operator
and for a non-negative integer ν put
be the C-vector space of homogeneous polynomials in X 2 and X 3 of degree b with coefficients in C, and define the map L
3 ) as
, where
, and (α) ν is the Pochhammer symbol:
Composing the above two maps and restricting to H 3 1 , for an even positive integer a we define the map (a,ν2,ν3 ) α preserves automorphy but does not preserve holomorphy. To construct a holomorphic differential operator which preserves automorphy, let 
α+a+ν3−2µ3 g 3 , where the upper indices z 1 , z 2 and z 3 indicate which variable is relevant at the moment. In particular, for a positive integer r and non-negative integers
, where k 1 = r+ν 2 +ν 3 , k 2 = r+ν 1 +ν 3 , and k 3 = r+ν 2 +ν 1 . From now on we put
be the Eisenstein series of weight r and degree n, where
By a careful examination of the proof of Theorem 4.2 in [BS] , we obtain:
Theorem 4.1. For a positive integer r and non-negative integers
Then we have
Proof. We can prove this by using (3.1) (or equivalently (2.41)) of [BS] and replacing T p (s) by (3.22) there. This is the same sort of calculation that was done for r = 2 but not for general r in Theorem 4.1 of [BS] . Although the calculation follows [BS] , we give some details here since it is fairly complicated. We must calculate
in the notation of [BS] . By definition (1.19) in p.7 of [BS] , we have c r (0) = 1. By (3.1) loc. cit., we have
Here we have
By (3.22) in [BS] , we have
.
By the functional equation, we have
By the definition in [BS] , we have
On the other hand, we have
,
Here we used the fact that k i and b are even integers and that (−1)
we see that the part involving the Γ function in (3) is given by
The other factors consisting of the power of i, 2 or π are calculated from the above data and the theorem is proved.
Then in the notation of [BS] , we have b = ν 2 + ν 3 = ν 2 +ν 3 −2ν 1 . Then it follows from (1.11) of [BS] that (y 1 y 2 y 3 )
can be expressed as
where Q is a polynomial in ∂ 12 , ∂ 13 , ∂ 23 of total degree smaller than 3ν 1 + b with coefficients in C[∂ 11 , ∂ 22 , ∂ 33 , y −1
(There is a misprint in (1.11) of [BS] . For the correction, see the Appendix of [BSS] [IZ] applied to triple L-values. The above formula from Theorem 4.1 due to Böcherer and Schulze-Pillot is useful for investigating the qualitative nature of triple L-values. However, these operators are fairly complicated. There exists another formulation on similar differential operators in a quite general setting slightly different from theirs (cf. [Ib] ) and these are easier to handle since they come from harmonic polynomials that possess some invariance properties. Indeed, in the case treated in this article, there are simply described differential operators D r,ν1,ν2,ν3 such that Res ∆ (D r,ν1,ν2,ν3 (F )) is equal to Res ∆ ( D r,ν1,ν2,ν3 (F )) for any holomorphic function F on H 3 , up to a common constant (depending on r, ν i ), where Res ∆ is the restriction to the diagonal ∆ = H 3 1 ⊂ H 3 . We can give a formula for D ν1,ν2,ν3 (cf. [IZ] ) as a polynomial of partial derivatives. These operators are well suited to give special values of triple L functions, so we will adjust the constant in the above formula by Böcherer and Schulze-Pillot into the version using these new differential operators from [IZ] . In order to use the differential operators from [IZ] , we introduce the following notation. Let {x i } 1≤i≤3 and {t ij } 1≤i,j≤3 (where t ij = t ji ) be variables and put
Alternative simple differential operators from
. We write P = P (T ) if P is a polynomial in t ij (1 ≤ i ≤ j ≤ 3) and say that P is a polynomial in T . We denote by σ i = σ i (T X) the i-th symmetric function of eigenvalues of T X. We note that σ i is a polynomial in x 1 , x 2 , x 3 and T. Then for a non-negative integer s we define the formal power series G (3) (s; σ 1 , σ 2 , σ 3 ) by
where * * is the binomial coefficient. Write
and say that P s,ν1,ν2,ν3 (T ) is a polynomial in T and s. For an integer r ≥ 2 and non-negative integers ν 1 , ν 2 , ν 3 we define the operator D r,ν1,ν2,ν3 on C ∞ (H 3 ) by
For any holomorphic function F on H 3 , we define D r,ν1,ν2,ν3 by
where Res ∆ means the restriction of the function to ∆ = H 3 1 ⊂ H 3 . We skip the theoretical details here but we know the following fact as a special case of results from [Ib] and [IZ] .
Theorem 4.3 ([IZ])
. Let k 1 = r + ν 2 + ν 3 , k 2 = r + ν 1 + ν 3 , k 3 = r + ν 1 + ν 2 with r ∈ Z ≥2 and ν 1 , ν 2 , ν 3 non-negative integers. The operator D r,ν1,ν2,ν3 maps
Lemma 4.4 ([IZ]). The map
For any holomorphic function F , we define an operator D r,ν1,ν2,ν3 by
Proposition 4.5. We have
In particular, if
This proves the latter half of the assertions.
By definition we have
When we apply this to L(s, f ⊗ g ⊗ g) where two modular forms are the same, we need only coefficients at (ν 1 , ν 2 , ν 3 ) = (0, ν, ν), and we have a simpler formula in this case, which is useful sometimes. Theorem 4.6. We have P s, 0, ν, ν So we have 
Now we assume that
This gives the assertion of Theorem 4.6.
The following theorem is a reformulation of Theorem 4.1 Theorem 4.7. Let k 1 , k 2 , k 3 be positive even integers such that k 1 ≥ k 2 ≥ k 3 and k 1 < k 2 + k 3 . Let f 1 , f 2 and f 3 be primitive forms in S k1 (SL 2 (Z)), S k2 (SL 2 (Z)), and S k3 (SL 2 (Z)), respectively. For an even positive integer r such that 2 ≤ r ≤
where
In order to calculate L alg ( k1+k2+k3+r 2 −2, f 1 ⊗f 2 ⊗f 3 ) explicitly enough to write a computer program, we need an expression for D r,ν1,ν2,ν3 E 3,r as a linear combination of triple tensors of modular forms of one variable. Now let d i = dim S ki (SL 2 (Z)) for i = 1, 2, 3, and
, and S k3 (SL 2 (Z)), respectively, consisting of primitive forms. Moreover let f 0 = E 1,k1 , g 0 = E 1,k2 , and h 0 = E 1,k3 .
Then we obtain:
Theorem 4.8. Under the above notation,
In particular, if at least two of ν 1 , ν 2 , ν 3 are positive, then
In order to obtain the coefficients of the above linear combination, we need the Fourier coefficients of E 3,r and f i , g j , h l . Let (D r,ν1,ν2,ν3 E 3,r )(z 1 , z 2 , z 3 ) 
By Theorem 4.8, we obviously have:
Corollary. For any non-negative integers
We would like to calculate m(r, f i , g j , h l ) as solutions of the above relations, regarded as simultaneous linear equations with known data c 3,r,ν1,ν2,ν3 (m 1 , m 2 , m 3 ) and a i (m 1 ), b j (m 2 ) and c l (m 3 ). Since the latter three numbers are determined by the values when m i are primes, it would be convenient to write a formula in terms of data from primes. As given in [Go] and easily shown by the usual Hecke theory, we have
where we put Co(n, r) = 
Then by the above relations, we obviously have
If we regard these relations as simultaneous linear equations for the unknowns m(r; f i , g j , h l ), then this can be solved by using a Vandermonde determinant as in [Go] . To write down the formula for the solution, we prepare the following notation. For a prime number q and a positive integer k,
be the characteristic polynomials of the Hecke operators T (q) on M k (SL 2 (Z)) and on S k (SL 2 (Z)), respectively. We note that Φ q,k,0 (X) = (X − q k−1 − 1)Φ q,k,1 (X). Now we put e i = 0 or 1 for k i = r or k i > r for each i = 1, 2, 3, respectively. Then using Lemma 2.2 from [Go] , we have 
In particular if k 1 − r, k 2 − r and k 3 − r are all positive, then
Proof. This is easily proved by the same argument as in [Go] Lemma 2.2.
Remark. The right-hand sides of the formulas in the above Theorem do not depend on the choice of q.
4.3.
Fourier coefficients of Siegel Eisenstein series of degree 3. Now we give a formula for the Fourier coefficients of E 3,k . From now on, for a while, we fix a prime number p. We define χ p (a) for a ∈ Q p \{0} as follows;
For each T ∈ L
× r,p we define the local Siegel series b p (T, s) by
where e p is the character of the additive group Q p such that e p (a) = e(a) for a ∈ Q, and
if r is odd.
(cf. Kitaoka [Ki] ). We give a formula for
, and set e 1 = Min 1≤i,j≤2 (ord p (2 1−δij a ij )), and 
Then we have
with r 1 ≥ r 2 ≥ r 3 and u 1 , u 2 , u 3 ∈ Z × p . We note that r 1 , r 2 , r 3 are uniquely determined by T. Then putξ p (T ) :
2 according as r 1 > r 2 or r 1 = r 2 . Thisξ p (T ) does not depend on the choices of u 1 , u 2 , u 3 . For the case p = 2, then T is GL 3 (Z 2 )-equivalent to one of the following forms:
with r 1 ≥ r 3 + 2, K = 0 1/2 1/2 0 or 1 1/2 1/2 1 , and
if T is type C1 and r 1 ≥ r 3 + 1, Then we have a formula for F p (T, X) for a nondegenerate semi-integral matrix T of size not greater than three (cf. [Kat1] , [Kat2] ).
of rank m ≥ 0, there exists an elementB ∈ L m>0 such that B ∼B⊥O n−m . Then, detB does not depend on the choice of B. Thus we put det (m) B = detB. Similarly, we write χ
The following is essentially due to [Bo2] (see also [Kat4] .) Proposition 4.12. Let T be a semi-positive definite half-integral matrix of degree n and of rank m. Then the T -th Fourier coefficient c n,l (T ) of E n,l is given as follows:
Here we make the convention
Remark. The factor "(−1) (m 2 −1)/8 " on page 101, line 9 of [Kat3] should be deleted.
(1) Assume that rank(T ) = 3. Then
(2) Assume that rank(T ) = 2, and 
4.4. Numerical examples. By Proposition 4.5, Theorem 4.6, Theorem 4.9, and the corollary of Proposition 4.12, we can obtain the value of M(l; f 1 , f 2 , f 3 ) for any primitive forms f 1 , f 2 and f 3 of weight k 1 , k 2 and k 3 , respectively, and any integer l such that
For an even integer k = 12, 16 let ∆ k be the unique primitive form in S k (SL 2 (Z)). First we treat the case ∆ 12 ∈ S 12 (SL 2 (Z)). We also compute that we have
for 18 ≤ l ≤ 22, and that
Mizumoto's table and the result on page 208 of [Miz2] give the right-hand sides of the above equalities, and we see that Table 1 above is consistent with Proposition 3.4 in Mizumoto [Miz3] . Mizumoto used nearly holomorphic modular forms to compute the triple values of holomorphic modular forms. On the other hand, here everything is treated within the framework of holomorphic modular forms.
Let f ∈ S 2k (SL 2 (Z)) and g ∈ S k+2 (SL 2 (Z)) be primitive forms. We assume that the Hecke polynomial Φ 2,2k,1 of T (2) on S 2k (SL 2 (Z)) (resp. Φ 2,k+2,1 of T (2) on S k+2 (SL 2 (Z))) is irreducible over Q. Put K = Q(f )Q(g), and put
By Theorem 4.9, I k does not depend on the choice of f and g (cf. [Sat] .) For a triple (a, b, c) of integers with a ≥ b ≥ c ≥ 0, let f ∈ S b+c+4 (SL 2 (Z)) and g ∈ S a+4 (SL 2 (Z)) be primitive forms. We assume that the Hecke polynomial Φ 2,b+c+4,1 of T (2) on S b+c+4 (SL 2 (Z)) (resp. Φ 2,a+4,1 of T (2) on S a+4 (SL 2 (Z))) is irreducible over Q. Put K = Q(f )Q(g), and
We note that J a,a,a = I a+2 . We now compute J a,b,c for all (a, b, c) in Table 3 in [BFG] . They assumed that these are divisible by certain primes by using approximation. Here we give the true values by using the finite sum expression of algebraic numbers in Theorem 4.9 for r = b − c + 4, ν 1 = ν 2 = c, ν 3 = a − b, and prove the above divisibility as a result, though we consider the triple L function instead of L(s, Sym 2 (g) ⊗ f ) and ignore values L alg (b + 3, f ) because of the ambiguity of the periods of f . -values. (a, b, c) J a,b,c (a, b, c) J a,b,c (12, 6, 2) Table 4 . Critical values of the symmetric cube L function for weight 16.
The space S 16 (Sp 3 (Z)) is three dimensional with a basis of Hecke eigenforms given by two Ikeda-Miyawaki lifts, f 1 a multiple of F f,g , f 2 a conjugate multiple of Ff ,g and one non-Ikeda-Miyawaki lift f 3 . The Fourier coefficients of f 1 , f 2 are algebraic numbers in K and f 3 has its Fourier coefficients in Q. The eigenvalues of these three cusp forms under the Hecke operators T (2) and T j (4) for j = 0, 1, 2, 3 are given in the following Table. Note that T (2) has distinct eigenvalues and hence by itself separates the space S 16 (Sp 3 (Z)) into one dimensional eigenspaces. The ideal P is relatively prime to (2k − 1)! = 27!. Furthermore, P (as well asP) divides L alg (30, f ⊗ g ⊗ g) because, according to Table 2 , the norm I 14 equals a rational fraction with 107 occurring only in the numerator. We can also calculate the ratio of the critical values L(l, f 1 ) for odd l by solving the usual rational linear relations and the action of Hecke operators T (2) and T (4) on the periods (see [Lang] and [Ma] ). Normalizing these as in the explanation between Conjecture B and Problem B', we see that 107 does not divide the norm of L alg (15, f ). So P should be the congruence prime if the answer to Problem B' is affirmative. One may check directly that λ f1 (T ) ≡ λ f3 (T ) mod P for the Hecke operators T in Table 5, and that there is no other prime ideal of K giving such a congruence except over 2, 3 and 5. Thus, the only if part of Problem B is true in this case (n, k) = (1, 14). It remains to show that λ f1 (T ) ≡ λ f3 (T ) mod P for all Hecke operators T ∈ L n . We see this from a pullback of an Eisenstein series, which gives an apparently stronger result: the congruence modulo P of all the Fourier coefficients of f 1 and f 3 . 
The Eisenstein series E 6,16 has bounded denominators in its Fourier coefficients and the primes which may occur are bounded by twice the weight minus one, in this case 31. This follows from the work of Böcherer, see Satz 5.1 of [Bo2] . The f i almost share this property because their Fourier coefficients are linear combinations of the Fourier coefficients of this Eisenstein series; however, the coefficients we used in the linear combinations also had the large primes 97, 373, 1721, 3617, 9349, 362903, 657931, 1001259881 in some denominators. To determine the coefficients a i , and to allow our work to be reproduced, we must specify the f i : Put For the cusp forms f 1 , f 2 , f 3 the Fourier coefficients c fi (T ) at T = T 5 , T 6 and T 7 are given in the following Table:   Table 6 . Fourier Coefficients of f 1 and f 3 for S 16 (Sp 3 (Z)).
We have c f2 (T ) = c f1 (T ) σ , where σ is the nontrivial element of Gal(K/Q). Furthermore, Fourier coefficients of f 4 , f 5 and f 6 at T = T i (i = 1, · · · , 7) are given in the following Table: We have c f7 (
, where τ is the nontrivial element of Gal Q( √ 51349)/Q . With these normalizations, we have
where b j = c(T j , T j ), and c ij = c fi (T j ). By a simple calculation we see that we have det(c ij ) 1≤i,j≤7 = 0, and we may compute the a i and obtain the following results:
The coefficient a 1 is the quotient of two algebraic integers where divides the denominator but not the numerator. Actually, if we use the argument of Lemma 5.1 in [Kat3] , this fact alone suffices to prove that f 1 has eigenvalues congruent to one of the other f i , which must be f 3 if we note the T (2) eigenvalues. We continue the description of the coefficients a i , however, since we can extend the congruence to the Fourier coefficients of f 1 and f 3 . The coefficient a 2 is the quotient of two algebraic integers where¯ divides the denominator but not the numerator. The coefficient a 3 is a rational number where ¯ = 107 divides the denominator but neither nor divide the numerator. The coefficients a 4 , a 5 , a 6 , a 7 are the quotients of algebraic integers where neither nor¯ divide the denominator. All the Fourier coefficients of the f i and of W * 33 E 6,16 have well defined reductions modulo the ideal P, so that if we define A 1 = a 1 and A 3 = a 3 , we obtain
As a relation between formal series, this implies that f 1 ≡ α f 3 mod P, where α is an element of O K such that α 2 ≡ − A3 A1 mod P. Since we have c f1 (T 5 ) = c f3 (T 5 ) = 1, we can determine that this congruence is nontrivial and that α ≡ 1 mod P. Thus we have the apparently stronger result: over O K /P the Fourier expansions of f 1 and f 3 agree and, hence, all their Hecke eigenvalues are congruent modulo P, which is the conclusion of Problem B in the case (n, k) = (1, 14). Of course, conjugation gives f 2 ≡ e.v. f 3 modP as well.
Twenty years ago, Miyawaki computed the cases of weight 12 and 14 in degree 3. No further examples have been published since that time, so it is appropriate say a few words about how the Fourier coefficients of the basis f 1 , . . . , f 7 of M 16 (Sp 3 (Z)) were computed; the details that made the computation tractable will be published elsewhere [PY13] . For each T 1 ∈ L 3 , Z → T a (T 1 ⊗ T ; W * 33 E 6,16 ) e ( T, Z ) defines an element of M 16 (Sp 3 (Z)) with rational Fourier coefficients, and this is how this space was spanned, relying on Tsuyumine [Tsu] for dim M 16 (Sp 3 (Z)) = 7. The computation of the Fourier coefficients of the Eisenstein series as given by Proposition 4.12 required the recursion for the F p polynomials given by the second author in [Kat2] . The computation of the F p polynomials was implemented by modifying a LISP program written by O. King, compare [King] . Beyond spanning this space, enough Fourier coefficients need to be computed to apply T (2). The action of T (2) and the Hecke operators T j (4) on the Fourier expansions may be found in Miyawaki [Miy] ; however, we used the recursive formulae of Breulmann and Küss, see [BK] or [PRY] . We computed some Fourier coefficients for the cusp forms as linear combinations of theta series with pluriharmonic coefficients as a check. The computational point here is that it would not have been feasible for us to compute enough Fourier coefficients of the theta series to apply T (2) directly to them. Control of the primes occurring in the denominators of the Fourier coefficients of the Eisenstein series is crucial for the above reduction to prime ideals. The primes occurring in the denominators of the Fourier coefficients of the Eisenstein series E n,r are bounded by 2r −1. This bound is a rather weak corollary of the work of Böcherer [Bo2] . Here one must use the von Staudt-Clausen Theorem controlling which primes may occur in the denominator of a Bernoulli number as well as the corresponding results of Leopoldt [Leo] and Carlitz [Car] on generalized Bernoulli numbers.
For (n, k) = (1, 18), the space S 36 (SL 2 (Z)) is three dimensional with a totally real Hecke filed K = Q(λ) for In the following, we set z = 179306496+456λ. There are three Ikeda-Miyawaki lifts f 1 a multiple of F f,g , f 2 a corresponding multiple of F f ,g and f 3 a corresponding multiple of F f ,g in S 20 (SL 2 (Z)). There are two eigenfunctions f 4 , f 5 that appear to be lifts of a second type, also conjectured by Miyawaki [Miy] , and one rational non-Ikeda-Miyawaki lift f 6 . By Tsuyumine's work, dim S 20 (Sp 3 (Z)) = 6. The T (2) eigenvalues of f 1 , f 2 , f 3 are just the real algebraic integers z given above; the other 2-eigenvalues are given in Tables 8 and 9 . We have a congruence f 1 ≡ e.v. f 6 mod P, where P =< 157, 77 + z > is a prime ideal in O K above 157, and corresponding congruences for f 2 and f 3 follow from the Galois action. Since I 18 from Table 2 has a factor of 157 in the numerator only, and we can show that any prime dividing L alg (19, f 1 ) does not cancel this, this validates Problem B for (n, k) = (1, 18). Incidentally, by checking the eigenvalues for T (2) and T j (4), one may check that there are no congruences between f 4 and f 6 , at least for prime ideals in O K above rational primes greater than 19. Table 9 . Eigenvalues λ fi (T ) for 4 ≤ i ≤ 6 for f i ∈ S 20 (Sp 3 (Z)). For (n, k) = (1, 16), we have dim S 18 (Sp 3 (Z)) = 4 and S 18 (Sp 3 (Z)) is spanned by two Ikeda-Miyawaki lifts and two other conjugate eigenforms, apparently of Miyawaki's second conjectural type. By computing the eigenvalues for T (2) and T j (4), one may check that there are no congruences between any of these forms, except, perhaps, for prime ideals above 2, 3, 5, 7 or 11. In this case (2k − 1)! = 31! and from Table 2 all the prime factors of the numerator of I 16 are less than 31; thus, Problem B holds true in the case of (n, k) = (1, 16). For (n, k) = (1, 10), we simply comment that S 12 (Sp 3 (Z)) is spanned by one Ikeda-Miyawaki lift and that, as (2k − 1)! = 19! and I 10 = 2 51 5/(11 · 17), there are no eligible congruence primes. In the case of (n, k) = (1, 12), there are no Ikeda-Miyawaki lifts in S 14 (Sp 3 (Z)).
